We detect and quantify quantum correlations between the polarization and the frequency degrees of freedom of single photons by means of local operations acting only on the polarization degree of freedom. These operations only require experimental control over an easily accessible twodimensional subsystem despite handling strongly mixed quantum states comprised of a continuum of orthogonal frequency states, which exclude an efficient finite-dimensional truncation of the total Hilbert space.
of control soon render such measurements impossible. A particularly complex, yet common situation is encountered when the photon's polarization state interacts with its own frequency modes, for instance in a birefringent crystal [16] . In this case, correlations emerge between the polarization state, which encodes the qubit, and a continuum of frequency states. This type of quantum channel is frequently used in quantum information applications even though the environmental state describing the frequency modes is not fully controllable and hard to determine.
In contrast, the 2-dimensional subsystem, i.e., the polarization qubit, can be fully controlled and detected with local operations even in such a complex system. The question thus arises, does this allow us to extract information about the quantum correlation of the entire system? One strategy to answer this question is to use the time evolution of reduced states of the 2-dimensional subsystem. Detecting, for instance, an increase of the trace distance between pairs of states in the subsystem constitutes a witness for total correlations in one of the initial states [17] . This scheme was applied experimentally in optical architectures [16, 18] . Further theoretical extensions allow for the detection of quantum correlations of an unknown system-environment state using only local operations on the system [19] , as recently demonstrated in a trapped-ion experiment [20] .
In this letter we focus on the open quantum system formed by the polarization degree of freedom of a single photon which is coupled to its environmental frequency degrees of freedom in a birefringent quantum channel [16] . Single photons are generated from a self-assembled quantum dot (QD) and initial system-environment correlations are created by sending the photon through a calcite crystal. We show that it is possible to experimentally detect and quantify the quantum correlations in this system by carrying out only local operations on the polarization degree of freedom of the photon.
First, we briefly recall the theoretical framework of the local detection method, introduced in Ref. [19] . Given a photon state ρ SE , where "S" represents the polarization subsystem and "E" represents the frequency modes, how can we measure the quantum correlation of this state? One method is to map this state to an associated state ρ ′ SE , which contains only classical correlations, and then calculate the distance between ρ SE and ρ ′ SE . This map can be realized through a controlled local dephasing process, i.e.,
where Π µ = |µ µ| ⊗ I and the |µ are the eigenstates of the reduced state ρ S = Tr E {ρ SE }. The quantum discord of ρ ′ SE is zero [19] . Therefore, the quantum correlations in ρ SE can be quantified as [21] 
where ||A|| = Tr √ A † A denotes the trace norm. We note that the trace distance (2) can be interpreted in terms of the probability for a successful discrimination of the two quantum states by a single measurement [22] . Suppose now that both ρ SE and ρ ′ SE evolve in time τ through the same unitary evolution operator U (τ ) leading to the reduced open system state ρ S (τ ) = Tr E U (τ )ρ SE U † (τ ) and ρ
, respectively. Since the partial trace Tr E over the environment is a positive operation, the local trace distance
represents a lower bound for the quantum correlations in the state ρ SE [23] , i.e. we have
As this relation holds for all τ we find
According to this general inequality the quantity on the left-hand side -a local quantity accessible through only local operations on the open system S -represents a witness for the quantum correlations in the total systemenvironment state ρ SE [24] . In our experiment, we suppose Alice prepares the initial state and sends it to Bob. The state is unknown to Bob, who now can perform local operations on the polarization state to determine the quantum correlations in the initial state. The experimental setup is shown in Fig. 1 . On Alice's side, the job is divided into two parts. The first part is the generation of single photons (not shown). The photons are emitted from a single InAs/GaAs QD, which is isolated by a 2-µm-diameter pinhole in a gold mask. The exciting power intensity is about 100 nW/µm 2 , which makes the QD oversaturated. This power intensity, together with the gold mask on the surface of the QD sample, induces a significant broadening of the QD emission line because of noise effects, such as spectral diffusion [25, 26] . The frequency state then becomes a mixed state because the inhomogeneous broadening is far larger than the homogeneous broadening. The resulting emission line is then filtered by a FabryPerot (FP) cavity with a finesse of 28. The line shape of the single photons is measured by a Michelson interferometer and the result is shown in Fig. 2(a) , where x is the delay between the two arms of the interferometer. Assuming a Lorentzian line shape
with a center frequency ω 0 corresponding to 914 nm, we can extract the line width 1/δω = 9.703±0.124 ps, by fitting the measured data to dωG(ω)e −i(ω−ω0)t = e −δω|t| with t = 2x/c. The second part of Alice's job is the preparation of the initial state ρ SE . A 45
• polarizer prepares the photon into the pre-initial state |H + V H + V | ⊗ dωG(ω)|ω ω|, where |H , |V are the horizontal and vertical polarization states, respectively. Then, the photon moves through a birefringent quantum channel, gen- erated by a calcite of length L with its optical axis along the vertical direction. Finally a half-wave plate (HWP0) driven by a random number generator (RNG) rotates the basis of the state to a random direction in order to make it impossible for Bob to know the local eigenbasis on the side of Alice. At this point, Alice's preparation of the initial state ρ SE is completed and the state is passed on to Bob.
Knowing the parameters used for state preparation, Alice can theoretically determine the quantum correlations in the state ρ SE based on Eq. (2), which in the described situation leads to the following expression [27] ,
with t = L∆n cal /c corresponding to the length L of the calcite. To measure the birefringence n cal of the calcite we use again the Michelson interferometer. The result for a calcite of length L = 35.92 mm is shown in Fig. 2(b) . From the shift of the zero delay, we obtain the birefringence ∆n cal = 0.179 ± 0.001, which coincides with the parameter provided by the calcite's manufacturer. The setup on Bob's side consists of four sections. The first section is made up of three removable mirrors (RM1, RM2 and RM3). By placing and removing these mirrors, the photons are led to different functional modules in the experimental setup. One of them is the second section, which implements the controlled dephasing map, Eq. (1), using a computer-controlled half-wave plate (HWP1) and a very long polarization-maintaining (PM) optical fiber (l = 120 m). The third section is a Michelson delay setup, which represents the unitary time evolution. Here, the angle η/2 of the half-wave plate (HWP2) allows us to generate a set of time-evolution operators U (η, τ ). This sec- tion further includes a polarizing beam splitter (PBS1), two 45
• -placed quarter-wave plates (QWP1 and QWP2), a fixed mirror (M1), and a delayable mirror (M2), whose coordinate x = cτ /2 corresponds to the time variable. The last section is the tomography setup (T1 and T2). T1 includes QWP3, HWP3, PBS2 and two avalanche photodiodes (APD1 and APD2). The setup of T2 is the same as T1.
The measurement of the quantum correlations occurs in two steps. The first step is the preparation of ρ ′ SE . With RM1 in place, the photons are directed to T2, where the tomography of the reduced state ρ S is performed on the polarization subsystem. Then the computer calculates the eigenstates |θ and |θ ⊥ of ρ S , and controls HWP1 to rotate to the angle θ/2. At this point, we remove RM1 and place RM2, causing the photons to go through the controlled dephasing map. The birefringence of the PM fiber is ∆n pmf = 3 × 10 −4 , so we have l∆n pmf /c ≫ 1/δω. This means that the PM fiber is long enough to completely remove coherences between the orthogonal subspaces spanned by {|θ ⊗ |ω } ω≥0 and {|θ ⊥ ⊗ |ω } ω≥0 , which are responsible for the quantum correlations in terms of the quantum discord. This way the state ρ ′ SE is prepared at the end of the PM fiber. In the second step, we first remove all of the removable mirrors and send the photons with state ρ SE to go through the unitary evolution of U (η, τ ). Considering only the polarization state, we obtain the evolved reduced state ρ S (η, τ ). This state can be measured by the tomography setup in T1. We then place RM2 and RM3. Now, instead of ρ SE , we subject ρ ′ SE to the same evolution, and by local tomography we obtain another reduced state ρ ′ S (η, τ ). We can then calculate the trace Fig. 3 . The theoretical analysis yields the following expression for the local trace distance [27] ,
(8) Since this expression is independent of η, as clearly confirmed by the experimental data (see Fig. 3 ), we write ∆(τ ) = ∆(η, τ ) for simplicity. Note that according to expressions (7) and (8) the general inequality (4) is, in the present special case, a simple consequence of the triangular inequality. For the Lorentzian spectrum one finds
which is the theoretical prediction shown in Fig. 3 . Now Alice changes the length of the calcite crystal, thus creating a set of different initial states which correspond to the photon states at different positions in a quantum channel. The crystal length L is chosen as L = k×8.98 mm with k = 0 . . . 6. For each crystal length, Alice knows the total state and determines the theoretical quantum correlation δ(ρ SE ) employing Eq. (7). The results are shown in Fig. 4 by the blue line. Bob receives the initial states, and uses local operations to experimentally detect the quantum correlations. Using Eq. (9) we find that the theoretical prediction for Bob's measurement results is given by
which is shown by the red line in Fig. 4 , and compared to the measurement result shown as black dots. This experimental result is derived by fitting the experimental data of ∆(τ ) (Fig. 3 shows an example of these data) using Eq. (9), and the uncertainty in the result is determined by the fittings. As is evident from the figure, the local detection scheme of Bob provides a good lower bound for the quantum correlations in the initial state prepared by Alice: The bound is rather close to the actual value of the quantum correlations and, moreover, exhibits the same monotonicity as the initial correlations. In summary, we have prepared quantum correlated initial states in a photonic system composed of a single photon's polarization state and its frequency modes using a birefringent quantum channel. Our all-optical experiment demonstrates that these quantum correlations can be detected and quantified by performing only local operations on the polarization subsystem. The theoretical analysis shows that the local detection scheme leads to a close lower bound for the quantum correlations of the total initial state. Finally, we emphasize that our work represents the first experimental realization of this scheme for mixed correlated initial states in an infinite-dimensional tensor product Hilbert space, where a finite-dimensional truncation is prevented by the contributions of a truly infinite number of orthogonal continuous-variable states. The developed experimental techniques can be naturally extended to the study of correlations in other photonic open systems and quantum channels for which only a local part can be controlled and measured. [2] H. The pre-initial state is a product state, ρ pi = ρ 0 ⊗ ρ E , where the density matrix of the two-level system represented in the {|H , |V } basis reads
and the environmental state is a mixed state given by a sum over closely spaced frequencies,
In order to avoid problems with non-normalizable continuum states, we formally represent the state ρ E by a discrete sum of frequencies, and perform the continuum limit (∆ω → 0) after obtaining the relevant quantities, such as the trace distance. The frequency states |ω form a complete orthonormal set, i.e., ω|ω ′ = δ ω,ω ′ and ω |ω ω| = I. The conditions ∆ωG(ω) ≥ 0 and ω ∆ωG(ω) = 1 then ensure that ρ E indeed describes a positive and normalized quantum state. In the following we assume for simplicity that G(ω) is a unimodal function with a width of order δω which is symmetric about the center frequency ω 0 .
B. The correlated initial state
In order to prepare a quantum state with polarizationfrequency correlations, we send the pre-initial state
through a birefringent crystal, which generates an interaction of the form
where t = ∆ cal l/c corresponds to the time spent inside the crystal. The state ρ pi evolves into the initial state
Its reduced state for the two-level system is given by
with Ψ(t) = ω 0 t + ϕ and ω 0 denotes the center frequency of the distribution G(ω). For fixed t, the initial phase ϕ can be chosen such that Ψ(t) ≡ 0, i.e., ϕ = −ω 0 t. Since G(ω) is symmetric about ω = ω 0 , we obtain a real-valued function
For the implementation of the local detection protocol, the first step consists in obtaining the eigenbasis of ρ S . Diagonalization of this 2×2 matrix yields the eigenvalues,
and corresponding eigenvectors,
Before passing the state on to Bob, Alice implements a random local unitary rotation U r to hide her local eigenbasis. This is implemented by a half-wave plate which is controlled by a random number generator. As a consequence, the eigenstates are rotated to |θ = U r |0 and |θ ⊥ = U r |1 . This local unitary operation has no effect on the correlation properties of the state. Redefining the basis vectors |H and |V accordingly always allows us to map the state back onto the original non-rotated state. Thus, for the following theoretical analysis, we can restrict to the case U r = I, i.e., effectively disregard this additional local rotation.
II. THE LOCAL DEPHASING OPERATION
The local dephasing must be carried out in the eigenbasis of the reduced state (16) . Hence, the desired operation is
Local application to the state ρ SE yields
where we have used Eq. (19).
A. Experimental implementation
We implement the controlled dephasing operation by sending the quantum state through a very long polarization-maintaining fiber after rotating the eigenstates |0 and |1 onto the principal axes of the fiber with a computer-controlled half-wave plate. Formally, the generated evolution is then described by
where s = ∆ pmf l/c ≫ 1/δω corresponds to the time the photon spends inside the fiber. This can be reformulated as
with
We thus obtain
This state realizes the desired dephased state ρ ′ SE to a good approximation. To see this, consider for instance,
Due to the condition δω · s ≫ 1, the function f (ω) = cos ωs oscillates very rapidly compared to variations of G(ω) and the remaining exponential functions. Such rapid oscillations cannot be resolved and, hence, |a| 2 must be replaced by its mean value over one period (in frequency space):
We obtain correspondingly
With these replacements ρ ′′ SE reduces to ρ ′ SE .
B. Reduced states
The reduced states of ρ SE and ρ ′ SE coincide by construction, i.e., Tr E ρ SE = Tr E ρ ′ SE and Tr S ρ SE = Tr S ρ ′ SE . This can be confirmed explicitly as follows. First note that
is purely imaginary and anti-symmetric about ω = ω 0 . One immediately confirms that
Tracing over the environmental degrees of freedom thus yields
We now perform the continuum limit ∆ω → 0, leading to
In the final step, we have used that G(ω) is a symmetric function about ω = ω 0 , while f (ω) is anti-symmetric. Hence, we confirm
C. Total trace distance
The difference between the two states ρ SE and ρ ′ SE is given by
Diagonalization yields eigenvalues
and eigenstates
The trace norm of X, which corresponds to the trace distance of ρ SE and ρ ′ SE can thus be written as
Performing the continuum limit finally leads to
which for the parameter used in the experiment (d = 1/2) yields the result given in Eq. (7) of the main manuscript.
III. OPEN-SYSTEM EVOLUTION DEPENDING ON INITIAL CORRELATIONS
For the dynamical local detection of the correlations in ρ SE , we subject both ρ SE and ρ ′ SE to the Michelson delay setup (see main manuscript), generating the dynamics
where τ = 2x/c correponds to the coordinate of the delayable mirror (M2) and the half-wave plate (HWP2) is rotated to the angle η/2, generating the basis vectors |η = cos η sin η ,
The original polarization vectors |H and |V can be expressed in terms of the new basis vectors |η and |η ⊥ as
Hence, the evolution of the original states is given by
|V, ω −→ sin η|η, ω + cos ηe −iωτ |η ⊥ , ω . × e iωτ |η, ω η ⊥ , ω| − e −iωτ |η ⊥ , ω η, ω| .
Since we only observe the dynamics of the polarization states, we take the partial trace, which yields Tr E {U (η, τ )(ρ SE − ρ Represented as a matrix in the basis {|η , |η ⊥ }, this reads 
By comparing this result to Eq. (39), one readily confirms that the general inequality
here is satisfied as a consequence of the triangular inequality.
In the present experiment, the frequency distribution of ρ E is characterized by a Lorentzian spectrum G(ω) = 1 π δω δω 2 + (ω − ω 0 ) 2 .
We have ω 0 = 2πc/(914 nm), and 1/δω = 9.703 ± 0.124 ps. The function G(ω) is normalized and has its support to a good approximation in the positive domain since ω 0 ≫ δω > 0,
Its Fourier transform is given by ∞ 0 G(ω)e ±iωt dω = e ±iω0t C(t),
with C(t) = e −δω|t| .
With this, the local trace distance, Eq. 
which for d = 1/2 yields Eq. (9) of the main manuscript.
